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ABSTRACT

The  transient  motiOn  Of  the  hammer― shank  system  is

mathematically analyzed using a modified foFm Of the Myklestad method.

The hamineF is mOdeled as a mass―spring system with a non_五 neaF Spring

coefficiento  The shank is divided into thirteen elements, wぃ ere each

dement iS assumed t●  have a uniform Oross― section.  The effect of the

shank stiffness, the hammer velocity, and the initial deformation of the

shank on the foroe中 titte patteFn applied by the hammer tO an ideally

Figid stFing is investigated.  The results show that the shank suffers a

slgnificantly large defOFmatiOn during the hammer,String oontact peFiOd。

It is also shown that the force― time pattern changes significantly when a

non―zero initial deformation of the shank is intFOduCede  Some of the

thёOFetiCal results are∞ mpared with expeFimental results.
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郎 T OF SYMBOLS

島 ‐lending,tiffhess of jth le"摯 t(=Es'1).‐

Eζ   Young'S modulu,Of the shank

L  Superslriot indicoting a vaFiable Of the left― hand dde of the
lumped mass ‐

Mh  ttammer m,ss

鴨IRteft― Ⅲ  Ⅲ
ht―

“

nd ddё  momenttt r“ p∝●v中    .|

N  Highest● ement number of the shank

R    Suplrsoript indiCating , variable of thё  right_hand side of the

lumped mass

Sh  Hammer stiffness     .

サ
:|,R LeftT and right=hanl sile 

ζhler fOroes,respeCtively

a     Width of rectangular shank element

b    Height of the FeCtangular shank dement

i   Element number

li     lenglh or the jth eleme,t

mj MaSS of the jヽh dement

r    nadiぃ Of Oiroular shank dement
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INTRODUCTION

The hammers, stFings, and soundboaFd are the main contFibutOrs t。

the total sound quality of the piano.  The enoFmOllS numbeF Of Studies

that have been devoted to these paFtS iS Solid proof of this facto on the

other hand,some parts such as the Finl, the plate, and the key action are

believed to have secondary effects on the total quality. Nonetheless, the

effects of these parts should not be ignored when consideFing the

improvement of the total systemo The shank of the piano hammeF SeemS

to be one of those parts to which more attention should be paid.  It is

empirically known that the tonal quality changes when the shanks are

replaced from one kind of wood to a,other. This seems FeaSOnable if the

motion of the hanlmer at the time of contact  with the String is

considered. The hanlmer has a speed of several meters peF SeCOnd when

the key is hit very hard.  This hanlmer is bounced back by the string

within a very short period of time (milliSecond oFdeF)。  It iS not difficult

to believe that the shank may suffeF SOme amount of deformation, oF

some vibFatOry motion, which may callse some difference in the vibration

of the string。

AnotheF   interesting   aspect

'lhammer― shank'l system pFOVide a way

the  shank  is  that  the

explain the difference of the

sound qualities when a single key is excited with different ''touches'1.

The hammer―shank system is not a single― degree‐ of―freedom system, and

therefore, the "hanlmer velocity't is not sufficient to describe the initial
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conditione  lf there is any diffeFenCe betieen the initial motions of the

shank foF different touchOs, this might cause different excitations of the

StFing.

Many studies have been conducted on the inteFaCtiOn of the

hammeF and the string [11 - l131. But nOne of them inoludes the motion

of the shank in the analysis of the hanlmer― string interaction.  In ouF

mathematical model, the defoFmatiOn and the vё locity of the shank as

well as the velocity of the hanlmer win be taken into account as the

initial oondition. The effect of these shank parameters will be discussed

by inlestigating the force― tilne pattern applied by the hammer to an

ideally rigid string.  A modified version of the Myklestad method is tlsed

fOF the analysis of the hammer― shank systemo  Measurement of the

force―time pattern w11l also be discussed for oompaFiSOn With FeSultS

obtained from the analysis.

MODEL OF EAMMER―SEANK SYSTEM

A model llsed for the present study is shown in Fig. 1。   For a

complete analysis of the hammer―stFing interaction, the string also mtst

be  repFeSented  by a  mathё matical  model  and  combined  with  the

hammer―shank  model.  In the preSent study, however, the String is

assumed to bё infinitely rigide ThiS assumption is emp19yed becase the
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numbeF Of Variables in the analysis can be significantly FeduCed, and still

the model is expected to give enough information conceFning the effect

Of the shank.

The hammeF iS Simuhted by a mass―spring sy,tem With mass Mh

and stiffness Sho  The significant difference of this model from previolls

studies is thal the Stiffness Sh haS quite a high oFder Of nonlnearity.

The hamlner mass and the stiffness used foF the Calculations are Mh = 10

gFam and Sh = 1。 8 x 1010yh3 dyne/cm, where yh iS the deformation of

the hammer.(The deFiVation of Mh and Sh from measured data will be

discussed in another paper。 )

The shank is simply supported at one end and firmly joined to the

hanlmeF at the other end.  AISo the shank is divided into thirteen

dements, where each element is unifoFm a10ng its length. The dimensions

of the shank element are shown in Table L Fllrthermore, each dement is

expressed by a system Oonsisting of a lumped― mass and a massless elastic

beam as shown in Fig。 2. The lumped mass mi is giVen as the average Of

masses of elements c-1)and c)in Fig。 1。  The mass ml is one―half of the

mass of the element l, and mN+1 =10。 l gTam is the sum of the one― half

of the mass of the dement N and the hammeF maSS Mho For oonvenience,

the values of mass mj,j=1,2,… ,N are also shown in Table L Where ph

= 0。 72 gFam/Cm3 is assumed as the density of the maple wood normally

uSed fOF the Shanke



MATEEMATICAL DISCUSS10N

The method given by N。  0. Myklest,d [14] was suggested as a

technique fOr numerical s01ution of the natural fFequencies and principal

modes of a non― llniform beam (steady― state problem)I This foFmula m壼 3t

be modified to a suitable form for the analysis of the transient motion of

the hammer― shank systё mo The derivation of this formula is shown below。

The relationship between the state vectors of the left and Fight

hand sides of the mass mj in Fig. 2 is given by [15]:

A similar Felationship between the state vectoFS Of the left and

right hand side of the massless beam is obtained such as:      イ
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1五9re ,I= a2vj/lt2 1▼16 usod` TttS iS the mOdified forh Of lMyklestad's

f6rmula used in our Study,"hilh supp五 es a set of(Nx4)dmunanebus

OqultiOns c=1, 2,。 |。, N)    .

FOur more equati6ns are needed for the S01utibn of the syζ tlm

豆nce we havё (N+llx4呻 kno●ns.Thぃe Ⅲe giVen by‐the bOundaFy

OOnditiOns at the leFt and right hand side of th● shank,such as:

and                
´

(5)
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combining Eq.(4)|(5),and(6), we have a set of(N+1)x4 equations。
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Eq.(7)shOws that if we give the initial displacement vectOr

y(t=0を , the aCCeleFatiOn veotor   (t=o)j is deteFnlinedo Then, afteF a

short period of time(4T), the displacement vectOr is approximated tsing

the fOrmth:

′
{y(△ :r)lj ={V(0)}j△ T ・{cく0)lj(△r)2/2               (8)

Here, we are utilizing the twb initial oonditions, iee., the displacement

VICtO:{y(t)}j and the velocity vector{v(t)L at t=00 The velocity vectOr at

t= △T is also apprOximated by

{vrAT)}j{v(0》
j +〔
α(o》
j△
T (9)

By repeating the same prOcess,we can calcuhte the displacement vectOF         I

at any time(r the s。 lution dOes not d市 eFgё ).It iζ ∞nvenient that tie        l
matrix Of Eq。 (7)d06s nOt OOntain any time vaFiant termo once the       l

inverse of the left hand side matrix is ca10uhted, the solution of Eq.(7)                |

Is simlly Obtained by the multipucation of this inverse matr破
and the          l

right hand side vector。                                                                |
|

|》

`△

可う}j=イ I(olむキ{ノタ)ll"ぶ                |,                          1

サソ
``馘

うヽ
 
電しfTて。)ヽキf〆 (0)1ヽハ″                  |り                                     |
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I]日【. RESUL∬ AND DISCUSSION

Tいe fFequency spectFum Of the vibration Of the string is dependent

on the sharpness of the foroe applied by the hanlmer at the time of

oontact。   lf the hanlmeF Stiffness is hrge, the contact time becomes

small, and consequently, the frequenOy spectFum pattern of the string

vibration becomes wide, producing a brighter sounde Thus, the evaluation

of the fOrOe― time pattern applied by the hammeF tO the string (assumed

to be infinitely rigid in our model)is mOst ilnportant investigating the

effect of the hanlmer― shank system on the quality Of the piano sound.

The effects of the shank stiffness, the initial deformation Of the shank,

and the hammeF velocity on this foFCe― time pattёrn aFe diSCussed in this

sectione

3。 l   Effect of shank Stiffness

Table  Ⅱ  shows  the  standard  values  used  to  caloulate  the

force―time pattern.  The parameteFS 9f the hanlmeF Were deternlined by

measureing the bass hammere  The Young's modulus Es L loll dyne/cm2

and the dё nsity of the shank   ps = 0。 72  gFam/6m3 weFe  uSed as

representative values for maple. The initial velocity Of theぃ am mer―shank

system is represented by the speed of the hanlmer at the beginning of

the contact.  The hammer velocity is 3 m/sec except where otheFWiSe

stated. This corresponds to the speed of the hanlmeF When the key is hit

L

L

L

L

L

L

L

L

L

L

|



一
　

・

14

very hard.  The velocity profile of the shank is always assumed to be

lnear (1.e。 , the ve16city at each joint is propoFtiOnal to the distance

from the pivot). The initial deformatiOn of the shank is assumed to be

zero except where otherwise stated.

The fOFCe―time pattern calculated using these standard values is

shown by the line(a)in Fig. 3。  The peak foFce(1。 e。 , corresponds to the

peak deformation of the hammer)occurs at t = 0。 7 msec, and the shape

of the force― time pattern is approximately symmetric. The symmetry of

the pulse is considered to be the FeSult of (1)the assumption that the

hanlmeF haS nO damping, and (2)the Felatively small oontribution of the

shank  mOtion tO the  motion of the hammeF.  Figure 4 shows the

defOFmatiOn of the shank at different times duFing the hammeF― StFing

contact period. At t = 0, the defoFmatiOn of the shank is zero from the

assumption.   Until  t = 0。 4 msec,  the shank does  not  show  much

deformationo However, the shank suffers large deformation at around t=

1。 l msec.  This is becallse the shank still tends to move upward even

afteF the hammer has already started m6ving to the opposite diFeCtiOn。

The hrgest deformation is soen arOund element #7, and its magnitude is

approximately O.75 mm.

In order to see the effect of the shank ,tiffness, the Young's

modulus of the shank was increased to 1012 dyne/cm2.  The force time

pattern and the shank deformation are shown by the line (b)in Fig。  3

and by the seveFa1 0uFVeS in Fig。  5, respecivelyo The diffeFenCe between

the two cuFVeS in Fig。  3 is very small. Both the peak level and the width

L

L

L
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of the pulse are slightly increased for the stiffer shank.  Figure 5 shows

that the deformation of the shank is almost neg五 gible in case of an

ideally stiff shank.  The larger peaks and the wider pulse can be

considered as the result of the inoFeaSed effective mass of the hammeF。

SinCe the hanlmer― shank system is almost a rigid body, a large portion of

the shank mass may work as a part of the hammer masse The observation

of thё  motion of the hammeF― Shank system using a high― speed camera

shows the deformation of approximately O.4 mm (O to peak)for a sloweF

hammer speed,confirming the present result obtained by our model.

3.2 Effect of lnitial Shank Deformation

The hanlmer is accelerated from its rest position to a Speed of 3

m/sec apprOximately in 20 msec.  Considering this hrge acceleration, it

might be assumed that the shank is already defoFmed When the hanlmer

hits the string.  It is not easily investigated how much and to which

direction the shank is deformed at t = 0.  If the shank is pushed upward

with a constant acceleration, the hammer  may le deformed to the

positive direction (i.ee, the center poFtiOn Of the shank may have a

positive displacement at t = 0). On the other hand, if thё  hammer― shank

system is acceleFatё d drastically at the beginning and flies almost freely

after that, there is a chance that the shank may be defOrmed to the

negative direction at t= 0, due to the natural vibrati6n of the system.

(A go6d examlle of thiS is a golf olub.  Right befOFe the Olub head hits

L
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L
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the golf ball, the shaft iS deformed to the negative direction。 )

FoFCe― tilne  patterns  for  the  positive  and  negative  initial

deformatiOns are shown by the curves(a)and (b)in Fig。  6, respectively.

The deformation cuFVeS are shoWn in Figs. 7 and 8 foF the pOsitive and

negative initial deformations,Fespectivelyo The shape of the deformation

was chosen fFOm the Lst curve in Fig:4(t=1。 45 mSec),since this might

show a natuFal mOde of the system. The maximum defoFmatiOn was+0.5

mm at j=7。  Figure 6 shows that the initial deformation of the shank has

a significant effect On the foroe― time pattern. If the shank is deformed

to the lositiVe direction, the peak level is higher and the pulse width is

narroweF.  The foFOe=tilne pattern for the negative initial deformation

shows a slight asymmetry.  The motion of the shank for these cases is

VeFy cOmplex during the contact  period.  FiguFe 7 indicates some

oscillatory motion of the shank even though the shank does not show a

negative deformation. considering these hrge deformations of the shank,

the effect of the shank on the motion of the hammeF Stin Seems minoF.

If a hammer with smalleF maSS had been used in our model, the FeSult

might have been diffeFent.

Ｌ
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3.3  Effect of Hammer ve10City

The evaluation of the foroe― time patterns in Fig。  6 is not easy

since the peak levels and pulse widths are both different.  FOF a betteF

comparison, a force― tilne pattern was calcuhted with an inoreased

hamlneF Ve10City fOr the case of the negative initial defoFmatiOne  With

Vh = 3。 29 m/sec, the peak leVel of the force― time patteFn equals that of

the positive shank defoFmatiOn with Vh = 3 m/sec. These two cuFveS are

compared in Fig。  9.  The lne(b)shoWS the result of the negative shank

deformation witぃ Vh = 3。 29 m/seco  The line (a)is the same as the une

(a)in Fig. 6.  The shapes are quite similar to each other, but the

fOFOe―time pattern with the negative shank deformation has hrger width.

consequently, if it is possible to usten to these signals through a high

fidelity reproducing systenl, the timber may be s五 ghtly different for

those two signalse  Relatively speaking, the naFrOWer pulse has hFger

high frequency componentso Therefore, the signal shown by the ttne(b)in

Fig。  9 shoЧld SOllnd brighteF than the other. This result indicates that if

the initial shank deformation is controllable by the touch of the playeF,

the timbeF may change due to the differenoe of the touch, even if the

loudness change is unnoticeable.
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3。 4 Mёasurement of FoFOe― Time Pattern

The fOFCe― time patteFn Of a hammer for key #3(which has slightly

diffeFent Characteristics fFOm the mathematical mOdel)were measured

using a key―actiOn model.  The hanlmer hits a string― 五ke tip which is

made of steelo This is fixed to a piezo― dectric fOrOe tFanSduceF,WhiCh

is attached to a very Figid arm hanging over one hammero The transducer

picks up the tFanSient foroe applied by the hanlmer to the string― like tip.

The first heasurement was conducted on the hammeF With two

kinds of shank material. Firstly,the foroe― ●me patteFn Of the hammer

with a wood shank was measuFed.  Then, the shank was replaced by a

carbon fibeF tube (its Stiffness is approximately twice that of the wood

shank)and the foFOe― time pattern was again measuredo  The results are

shown by the五 nes(a)and (b)in Fig。  10, respectively。

The fOFce― time patteFn Wlth the carbon shank is wider than that

of  the woOd shank showing an agreement wlth the FeSult of the

mathematical model(Fig.3)

The second measurement was intended to see if there is any

difference between the foroe― time patterns with different touches.  The

hammer―shank system was excited in three different ways:(1)the key is

accelerated  thrOugh  the  whole  key  excursion, (2) the  key  was

accelerated only during the First half of the excursion, and (3)the key

was accelerated only duFing the htteF half Of the excursion. In case(1),

the hammer was accelerated more slowly fOr a longer period Of time
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than in cases(2)and (3)。  The difference between cases(2)and (3)is the

timing of the acceleFatiOno For● l thFee CaSeS,it was attempted to hold

the peak values of thё  foroe― tilne patterns the same.  It should be noted

that in eases (2)and (3)the key had to be hit much harder than in case

(1)tO pFOduCe the same peak value of the foFee.  UnfoFtunately, the

fOrOe―tiine patterns foF theSe cases weFe t00 01ose to identify any

diffeFenCeS.  This indicates that the initial deformatiOn Of the shank is

much smaller than O.5 mm, the value llsed in Sec。  3。 2, and 3.3.

Judging from the result of the second experiment, the effect of

the touch turned out to be negligible, or at least it was not apparent

from the differences in the force― tilne patterns of the different tOuChes。

It should be FemembeFed, hOweveF, that in the present mOdё l, the string

is asSumec tO be ideally rigid.This assumption may eliminate the complex

interactiё n between the vibratoFy mOtion Of the hammer― shank system

and the stringo  Even if the shank deformation is very sman (く くo.5mm), a

slght difference in the deformation patteFn(due to the diffeFence Of the

touch)might oase an audible difference in the excitation of the string.
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1V.  CONCLUS10NS
ヽ

The effect of the shank of the piano hammer was investigated

llsing  a mathematical  model  whiCh oonsists  of  fOuFteen (inoluding

hammeF)elements rigidly connected to each other.

At one end, the shank was pivot― supported, and at the other end a

mass―spring system with a nonlineaF Spring ooefficient was attached to

simulate the function of the hammer. The Myklestad methOd was

modified and used to analyze the tFanSient motion of the hanlmer― shank

system during the contact peFiOd With an ideally rigid stFingo The fOrce

applied by the hammeF tO the stFing and the deformation of the shank

WeFe eValuated as a function of time to see the effect of the shank.

With a noFmal Shank stiffness and mass, the maximum deformation

of the shank is significant(=0。 75 mm)during the contact peFiOd fOF the

case of a hard― hit keyo  lf the shank is made stiff enough so that the

shank is not deformed during the contact peFiOd, the force― time pattern

becOmes wlder since a largeF pOrtion of the shank mass is added to the

hanlmer mass making the effective mass of the hanlmer laFger。

If we assume that the shank is initially defoFmed due to the laFge

aCCeleFatiOn during the upward motion of the hammeF― Shank system, the

force―tilne pattern can be different foF pOsitive and negative initial
Ｌ
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Ｌ
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defOFmatiOns of the shank.  However, it was found from the expeFiment

that the actual initial deformation Of the shank must be much smalleF

than the value used for the calcthtion(0。 5 mm)◆

The attempt to explain the difference of the touch as the result

of the shank deformation was nOt successful, but the finding that the

shank is deformed significantly during the coptact period is importante A

deformation of the shank by O。 75 mm callses the horizontal motion of the

hammer head by appFOXimately the same amounte  This seems significant

oonsidering that the vertical defoFmatiOn Of the hammer is in the same

order (fOr hammers of low notes).  The rubbing of the string by the

hammer head during the cOntact period,as well as the vibratOry motion

of the shank during this period, may callse sOme audible effect on the

VibFatiOn of the string.

The analysis of the transient motion Of a model which takes into

acoount the finite impedance of the stFing and the rotary ineFtia Of the

hammeF iS left as future work.
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Table I DimёnsiOns Of the shank dements

Element N

Numbё r j

Width

atom) =eightb(cm)

Radi磁

r(cm)

Length

t(cm)

Mass

m(gram)

Area M●ment

of lttёrtia ltOFn4)

1

2

3

4

5

6

7

8

9

10

11

12

13

0.54

1.2

0.71

0.71

0.655

01655

0.655

0。 655

0。 65

0.645

0.645

0163

0。 611

0.59

0。 57

0。 54

0.53

10~7

1.3

2.8

1.7

1.7

0。 88

0.85

0.85

0177

0168

0.59

0。 52

0。 42   ‐

0。 39

一　

一　

一

0。 8

1.7

1.1

1.3

1。 0

1.0

1.0

1.0

1。 0

1。 0

1。 0

0。 5

0。 4

0。05

1.21Ⅲ

O。 66

0。40

0。 335

0.24

0。 24

0.23

0。 215

0.20

0.19

0.175

0.16

一　

一　

一　

一　

一　

一　

一　

一

一　

一　

一　

一　

一　

一　

一　

一

*Additional mass of the knuckle is inlcluded.
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Table I Standard,alues Of the System parameters

Hammer Mass

nammer sttffness

菫ammer ve10oity

Vlunし 'S MOdults Of shank

Density Of shank

I減tial Shank Deformltion

lo gram     ‐

101X101'yhl lyne/ёⅢ
3m/sec

1011‐ lyne/ch2

1172 graふ

'cm2 1  
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